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ABSTRACT: For the five dimensional N' = 2 black rings, we study the supersymmetry
enhancement and identify the global supergroup of the near horizon geometry. We show
that the global part of the supergroup is OSp(4*|2) x U(1) which is similar to the small
black string. We show that results obtained by applying the entropy function formalism,
the c-extremization approach and the Brown-Henneaux method to the black ring solution
are in agreement with the microscopic entropy calculation.
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1 Introduction and summary

Five dimensional supergravity is interesting from several points of view. Such a supergrav-
ity can be constructed by compactifying the eleven dimensional supergravity, on some six
dimensional manifolds e.g. C'Y3 or 7. There are several supersymmetric solutions for the
five dimensional supergravity that preserve either one half or all of the supersymmetry [1].
These solutions contain three kinds of black objects which are half-BPS known as black
holes, black strings and black rings which their near horizon geometries are AdSs x S3,
AdS3 x S? and AdS; x S' x S? respectively. Each of these solutions has a specific charge
configuration. A black hole has only electric charges, a black string has only magnetic
charges, while a black ring has both electric and magnetic charges. A nice review on these
black solutions of A" = 2 five dimensional supergravity is [2].

Black ring is the first example of a black object with a non-spherical horizon topology
and asymptotically flat geometry which carries angular momentum along the S' direc-
tion [3]. Furthermore, the existence of this solution implies that the black hole uniqueness
theorems can not be extended to five dimensions, except in the static case [4]. The gen-
eralization of the uniqueness of black holes to five dimensions is studied in [5], where it
is shown that the dipole charge appears in the first law of thermodynamics in the same
manner as a global charge. Therefore there exist black objects with the same global charges



but with different horizon topologies. Some other developments are listed in [6]-[11]. For
a good review on black ring see [12].

In this paper we study some features of the supersymmetric large black rings in the
five dimensional N' = 2 supergravity which have the non-zero classical horizon area. Large
black rings are half-BPS and in the near horizon limit they exhibit supersymmetry en-
hancement [13]. We want to investigate the symmetry of the near horizon geometry of the
supersymmetric black rings. For this purpose, we note that N' = 2n supergravity in five
dimensions with 8n real supercharges has an Sp(2n) R-symmetry group with the supersym-
metry parameter €%, i = 1,...,2n, transforming as 2n representation. Using this fact, one
can solve for the supersymmetry spinor and calculate the global part of the superalgebra.
Doing so, we show that the global part of the superalgebra is OSp(4*|2) x U(1), which is
similar to the small black string obtained in [14].

The most important reason for investigating the supergroup of the near horizon geom-
etry of the black objects is the AdS/CFT correspondence. AdS;/CFT; correspondence
is not well-defined yet in contrast to the higher dimensional cases (see for example [15]).
Motivated by this phenomenon, the symmetry of the near horizon geometry of the small
black hole solutions of N' = 2,4 supergravity in five dimensions is studied in [16]. Lapan
et al in [14], study the symmetry of the near horizon geometry of small black string solu-
tions to investigate AdSs/C FTs correspondence, which in principle gives some information
about AdSy/CFT; via dimensional reduction. Some recent results on the AdSs/CFT
correspondence and the small black strings can be found in [17]. It seems that for studying
AdSy/CFTy from AdSs/CFT,, the black ring is a better starting point than the black
string since the fibration of S' over AdS, is explicit.! Thus our study of the near horizon
physics of the black ring might shed a new light on this subject.

An important feature of supersymmetric black objects is the attractor mechanism. The
attractor mechanism determines the value of the scalar fields near the horizon independent
of their asymptotic values, and also implies the enhancement of supersymmetry near the
horizon [19]. Attractor mechanism as reformulated by Sen, which is called the “entropy
function formalism”, can be used to calculate the entropy of black holes with AdSs x X near
horizon geometry in diverse dimensions [20]. In [21-23] the entropy function formalism is
applied to black rings. As mentioned above, the near horizon geometry of the black ring
solution is AdSs x S' x S2, where S! is fibred nontrivially over AdS,. This phenomenon
as well as the Chern-Simons term in the five dimensional supergravity frustrates a direct
application of the entropy function formalism in this case.? In fact there are two problems in
applying the entropy function method to black rings. First, in the Wald formula [25] there
is a derivative of the Lagrangian density with respect to the Riemann tensor components
which for AdSs x X near horizon geometry has only one independent component.? But in

IThe same property of black ring gives an opportunity to study the relation between 4D black holes and
5D black rings [18].

2The difficulty in incorporating the Chern-Simons term into the entropy function formalism is studied
in [24].

3Interestingly, for the D1-D5-P black holes, where a similar problem is encountered, a generalization of



the case of the black ring near horizon geometry, the Riemann tensor has four independent
components since S! is fibred non-trivially over AdSs.* Second, the Chern-Simons term
in the Lagrangian density is not gauge invariant,® while in the entropy function formalism
the gauge invariance of the Lagrangian density is assumed. We study the entropy function
formalism for the black ring and explain how both of these problems can be resolved by
dimensional reduction along the S'. By such a dimensional reduction, the near horizon
geometry reduces to AdSs x S?, which has only one relevant independent Riemann tensor
component, and the Chern-Simons term becomes a sum of gauge invariant terms.

In [28], Kraus and Larsen introduced the c-extremization approach for obtaining the
spacetime central charge of black objects with AdS3 X Y near horizon geometry in a simple
way. Although, the c-extremization is introduced for black objects with a globally AdSs
component of the near horizon geometry, we show that by applying this method to the
black ring which horizon geometry locally looks like AdS3 x S2, one obtains results which
are in agreement with the outcome of the entropy function formalism and microscopic
calculations of the black ring entropy [11, 12, 29, 30].

We recalculate the microscopic entropy by the Kerr/CFT correspondence [31], which
is intrinsically a generalization of Brown-Henneaux approach [32] to AdS/CFT correspon-
dence [33]. Choosing an appropriate boundary condition we show that the asymptotic
symmetry group of the near horizon of supersymmetric black ring contains a Virasoro al-
gebra. The corresponding central charge equals the c-extremization result. By defining
the Frolov-Thorne temperature [35] and using the Cardy formula we calculate the CFT
entropy and show that it equals the Bekenstein-Hawking entropy.

The main results of this work are that in five dimensional N' = 2 supergravity the global
part of the near horizon supergroup of the large black ring is OSp(4*|2) x U(1). At the
leading order, the entropy function, c-extremization and Brown-Henneaux approaches are
in agreement with each other and with the microscopic results obtained in [11, 12, 29, 30].

The paper is organized as follows. In section 2 we review black ring solution of five
dimensional N/ = 2 supergravity and its near horizon geometry. In section 3 we show
the supersymmetry enhancement near the horizon of black ring and determine the global
part of the superalgebra. In section 4 we apply the entropy function, c-extremization and
Brown-Henneaux formalisms for large black rings where we show that the macroscopic and
microscopic entropies of black rings are equal to each other. In appendix A Killing vectors
of AdSyx S component of the black ring near horizon geometry, used in section 3 are given.

2 N =2 5D black rings

In this section we briefly review the N' = 2 5D black ring solution in superconformal formal-
ism. In this approach the symmetry group of supergravity is enlarged to superconformal
group which can be reduced to the initial model by imposing a suitable gauge fixing con-

the entropy function formalism is found in [26], which can not be applied in the black ring problem.

4One encounters a Similar problem in the case of four dimensional spinning black holes. Applying
entropy function formalism for spinning black holes is studied in [27].

5The Chern-Simons action is gauge invariant up to a boundary term.



dition. The supersymmetry variations of field content are independent of the Lagrangian
and one can consequently apply these variations at any level of corrections.

2.1 Basic setup

The field content of superconformal gravity are arranged in Weyl, vector and hypermul-
0
vgp and an auxiliary scalar field D. The bosonic part of each vector multiplet contains a

tiplets. The bosonic fields of Weyl multiplet are the vielbein e?, an auxiliary 2-form field
1-form gauge field A’ and a scalar field X!, where I = 1,...,n, labels the gauge group.

The hypermultiplet contains scalar fields A%, where i = 1,2 is the SU(2) doublet index

)
and o = 1,...,2n refers to USp(2n) group.
In the off-shell formalism the bosonic part of the action of N’ = 2 supergravity in five

dimensions at the leading order is [36]

_ 1 5
I= e /d z+/|g|Lo, (2.1)

in which
Lo = 0, A 0 A + (2v + Az)g +(2v — 3A2)§ + (6v — AQ)g + 2 FLo®
%W J(ELF7® 29, X197 X7 + 62—_4101 greede AL pk. (2.2)
A? = AL A2, 0% = vv® and
v = %CIJKXIXJXK, vr = %CIJKXJXK7 vrg = Cryg X%, (2.3)

where C7 i are the intersection numbers of the internal space. The fermion fields are the
gravitino Q,Z)L and the auxiliary Majorana spinor x* which are in the Weyl multiplet, the
gaugino Q% in the vector multiplet and hyperino ¢ in the hypermultiplet.

As we are interested in supersymmetric bosonic solutions, in which fermion fields are
set to zero and the solution is invariant under supersymmetry variations, we concentrate on
the study the bosonic terms of the supersymmetry variations of fermions which are given
as follows®

. ] . .
&pz = DMEZ + _Uab’)’uabgl - '7;”717

2
5Xi — D&i _ 2,}/c,}/abﬁavbc€i + ,yabRab(V);"ei _ 2’7a5i€abcdevbcvde + 4’7abvab77ia
; 1 1 ) )
59[2 _ _Z,YabFaIb&.z_i,yaaaXIEl_XI 17
0CY = Y 10p AL — Y Pugpet AY + 3AMY, (2.4)

SHere Yayag-—am = #’Y[al%Q “**Ya,,] Which is antisymmetric in all indices. Also the covariant curvature
Rffy is defined by R:}V = 28[#V;]J — 2V[L leﬁ“r fermionic terms, where V7 is a boson in the Weyl multiplet
which is in 3 of the SU(2). For the solution we are going to consider, this term vanishes.



where 0 = €Q; + 7'S; + f‘}(Ka,7 and the covariant derivatives are defined by

Ducfl = (aﬂ + Zwﬂab + §bﬂ> — Vﬂljc?], (25)

Dyvay = (D — by) vap = Opvap + Qw[;vb]c — by Vap, (2.6)
in which b, is a real boson in the Weyl multiplet and is SU(2) singlet [36].
There is a well-known gauge to fix the conformal invariance of the off-shell formalism

and reduce the superconformal symmetry to the standard symmetries of five dimensional
N = 2 supergravity,

A*=-2, b,=0, VI=0. (2.7)
In this gauge the last equation of (2.4) gives n® in terms of &' as,
i 1 ab i
= 37" vabe (2.8)

In the gauge (2.7) and also after solving the equation of motion of the auxiliary fields D
and vy, the Lagrangian density (2.2) reduces to the standard form of the bosonic part of
N = 2 supergravity in five dimensions,

1 —1
Lo= R~ JGuELF"" - Gr0.X 0" X7 + 62—40] JkALF] pE abede (9 g)
where 1 1
Gy = —581(9J(1n1/) = §(V[VJ—V[J), (2.10)

and the supersymmetry variations (2.4) simplify as

6¢L = (Dﬂ + §Uab’7uab - gr}/,uryabvab> 5Za

. 4 ,
5XZ = <D - Q’YCVGbDavbc - 2")/Uteabcdevbcvde + g('}/abvab)2> €l7

~ 1 1 1 ~
SO = (—Z'yabFO{b — iyaaaXI — ngfy“bvab> e, (2.11)
where we have used (2.8). In section 3 we use these results for investigating supersymmetry
enhancement near the horizon of black ring solution.

2.2 Black ring solutions

The five dimensional N' = 2 supergravity have several half-BPS black hole, black string
and black ring solutions. Here we review the large black ring solutions following [7]. These
solutions have both electric Q! and magnetic p! charges. From eleven dimensional su-
pergravity point of view, these charges correspond to the M2 and M 5-branes respectively
wrapping nontrivial cycles of the internal space. For simplicity we study the U(1)? solution

7Qi is the generator of ' = 2 supersymmetry, S; is the generator of conformal supersymmetry and K,
are special conformal boost generators of superconformal algebra [36].



which is the most symmetric solution. The M-theory configuration corresponding to this
solution consists of three M2-branes and three M5-branes oriented as [7]

Q M2:12 — — — — —
Qo M2:——3 4 —— —
Qs M2:— ———56 — (2.12)
pr M5: ——3 456 ¢
po M5:1 2 ——5 6 ¢
ps M5:1 234 — —

where directions z;, ¢ = 1---6, span the internal 6-torus and ¢ is the ring direction of
black ring.
The 11D supergravity solution takes the form

ds? = ds? + X' (d2? + d23) + X?(d23 + d23) + X3(d22 + dz23),
A= A" ANdzy ANdzy + A% Ndzg A dzg + A3 A dzs A dzg, (2.13)
where A is the three-form potential with four-form field strength F = dA.
The five dimensional solution is specified by a metric dsg, three scalars X!, and three

one-forms A!, with field strengths F! = dA’.® In ring coordinates the solution is written
as follows”

ds% = (HlHQHg)_2/3 (dt + w)2 - (H1H2H3)1/3 dxzzh

R? dy? dxz?
dx3 = ——— |(y* — 1)dy? 1 — 2?)d¢?
Xy (x_y)Q (y )¢+y2_1+1_x2+( x)QS 9
I
- p
Al = HYdt +w) + (1 +y)d + (1 + z)dg],
X! = H;' (H,HyH3)' 3. (2.14)
In these coordinates, y = —oo corresponds to the location of the ring, and Q' and p! are

the electric and magnetic charges respectively. The harmonic functions H; are defined by!?

Q1 — paps3 P2P3, 2 9
Hy =1+ —m— (@ ~y) =~ 5 (@ —v), (2.15)
and the same for Hy and H3 with cyclic permutation. For simplicity we choose
Q1=Q2=Q3=0Q, p1=Dp2=p3=Dp. (2.16)

The one-form w which is related to the angular momentum of the solution is w =
wyd) + wpde with

wp = L~ DBQ PG+ +y)] — (1 +y)
wp = 515 (1=2)BQ - p*B+z +y)) (2.17)

8All the fields are independent from internal space and exterior derivative d on A is defined in five

dimensional space.
for metrics, we use (+ — — — —) signature.
R = 0 reduces the black ring solution to the BMPV solution [37] although the limit of R — 0 in (2.15)

is singular .



The ADM charges of this solution are given by

37
M= 0.
Ty = 8%5;9[632 +3Q—-p%, J,= 8%5;9(3@ — ). (2.18)
The coordinate ranges are
—o0o<y<l, 1<z <1, 0 <y <2m, 0<p<2m. (2.19)

To make the above solution free of closed causal curves for y > —oo, one requires that,

W’ L* =2 QipiQp; — Y v} —2R*p*> pi >0, (2:20)
i<j i i
where
p = (p1paps) '/, Q1 = Q1 — pap3, Qo = Q2 — p1p3, Q3 = Q3 —pip2.  (2.21)
For (2.16),
(Q —p?)?
L= \/3 [T ~ R?|, (2.22)

There is a nice review on this solution by Emparan and Reall [12].

2.3 Near horizon geometry

In [6, 21] it is shown that in a comfortable coordinate system the near horizon limit of the
black ring solution (2.14) becomes,

2 L2 L 2
ds? = —p? (Z% n p—2d¢2 + ?Tduw) - %(d@Q + sin? 0dg?), (2.23)

which is the product of a locally AdS3 with radius p and an S? with radius £. This metric
can be written as follows,

2 dr? 5 .2
as? =2 (ﬁdt? - T_’;> .y (dw + %dt) — L (6% +sin? 6dg?) (2:24)

where the range of coordinates are
0<r<o0, 0<60<m, 0<¢ <2n, 0 <y <2m. (2.25)

The near horizon geometry (2.24) is AdSy x St x S? in which the S! x AdS; component,
locally looks like the BTZ black hole with radius 1 = L. Furthermore, in these coordinates
the near horizon limit of the field strengths of the gauge fields A? (2.14) are

pI
Fjy = —7 sind, (2.26)



and the attractor values of scalars X! are

I
X! = b . 2.7
(%CIJKpIpJpK)l/?, ( )

As is well-known, one can in principle obtain considerable information about a black
object by studying the corresponding near horizon geometry. In the next two sections we
study the enhancement of supersymmetry near the horizon and apply the entropy function,
the c-extremization and Brown-Henneaux formalisms to obtain the global supergroup of
the near horizon geometry and the entropy of black ring.

3 Enhancement of supersymmetry

The bosonic supersymmetric solution of any supersymmetric theory should be invariant
under supersymmetry variations of fermions. Thus both fermions and their supersymmetry
variations should be equal to zero.

For studying enhancement of supersymmetry near the horizon of any half-BPS black
object one should check if it is possible to make supersymmetry variations of fermions of
the theory equal to zero without imposing any additional condition on the Killing spinor
g’ In our case the supersymmetry variations of auxiliary Majorana spinor x* and gaugino
Q% in (2.11) give no constraint on spinor €, but imposes the following constraints on the
bosonic auxiliary fields,

4 8 1
F;{u = —gleW, D= 51)2 4D, =0,  Dbog, — geabcdvbcvde =0. (3.1)

Thus we only investigate the gravitino variation in 1’ (2.11) for supersymmetry enhance-
ment.
3.1 Killing spinor

The calculations will be easier in non-coordinate basis. The components of vielbein for the
near horizon geometry of the black ring solution (2.24) are

i pr iD 6 D d;_psin@ b _ ( pr >
= —dt, = —dr, = =d#, = do, =L|(d —dt ), 3.2
TR e S p 0 e LY (3:2)
and the inverse components are given by
6&523’ efr:_2_r, éez_g’ o9 — _ 2 ’ ewz_l, v - 1 (3.3)
pr P P psin 6 L L
By using the explicit relation for spin connection,
ab_luaab 8b 1ubaa e 1pa0b8 ) c 3.4
(wp)® = 56 (Ouey, — Veu)_ 56 (Ouey, — Veu)_ 56 e”’(Opege — (,epc)eu, (3.4)
one can show that the non zero components of spin connections are
2 o) 2 1 ¥ n L
@) =5 @) =5 @) =g @) =cosh @)= (35)



Supersymmetry variation of gravitino in (2.11) for our background (2.24) and (2.26)
simplifies to

51/)2 = <8“ + 1 by b+ V9V, 0% _ §7u79¢1)9¢> e’ (3.6)

By using the attractor value of the scalars (2.27) together with the value of field
strengths (2.26) and the first equality in (3.1) one obtains,
3
UAA

Now, setting all the components of gravitino variation (3.6) equal to zero gives the

following equations,

Vel — (3t n f,yff(l B ,Yféé) B Z,yw(l B ,féq%)) &= 0,

1 "a
Ve = <8r —— (" + 7“@) e =0,
4r
, 1
Voe' = <<99 - §7¢> e' =0,
4 1 S| A\
Ve = <8¢ + 5 cos 6+%¢ + 3 sin 6’ye> e =0,
Vye' = <8¢ - %(’ytr + ,ng)) e =0. (3.8)

One can easily show that integrability condition,
[V, V,]e' =0, (3.9)

is automatically satisfied without imposing any projection on the Killing spinor . Thus
all the supersymmetry is restored near the horizon.
Assuming v"¥"%% = 1 equations (3.8) simplify as

v, = (at 4 2(7&: _ ,Y@Z)f)) g — 0,

V,et = <8r — 2—17“7“*”) et = 0,

V@é‘i = <89 — %’yé> gt = 0,

V¢6i = <8¢ + % cos 97% + %Sin 979> e =0,

Vye' = Ope’ = 0. (3.10)

There are two solutions corresponding to the projections ’y’qé‘&sf = isé 1) For ’yféq;gi =gt



the above equations simplify to,

Vtsi = (9tsi = 0,
4 1 .
Vet = (0, — E)El =0,

. 1 2\ .
Voe' = <89 — §’y¢> e =0,
i 1 06 L o4 8\ i
Vge' = 8¢+500597 +§s1n97 e =0,
Vye' = Ope’ = 0. (3.11)

It is easy to show that there are two solutions for these equations,

fi— \/%%vd;@e—%v%%g, A= (—t + 1%?*) £, (3.12)
T

where [ = p/2 is the radius of both AdSy and S? part of the near horizon geometry (2.24)
and 56 is a constant §pinor satisfying 'y’q%sé = 56. The relation between two different
chiralities is 66(_) = 7”66(4_).

It is enlightening to note that the Killing spinors solution (3.12) depends only on
the radius of AdS; and S? which is proportional to the cube root of the central charge,
c = 6p> (4.9).

3.2 Near horizon superalgebra

As it is shown in appendix A the isometries of AdSy, x S' are generated by,

K :%(ﬁ 170, = rtd, — 50, Ky =td, — 10y,
K3 =0y, Ky =0, (3.13)
Ks :e%w (%at + 170, — %&p) , Kg :e_%w (%&g — 10y — %(%) .
The algebra associated to these isometries is as follows
(K1, K] = — K7, (K1, K4] = — Ko, (K2, K4] = — Ky,
(K3, K3 :%Kg,, (K3, Kg| = — %Kﬁ, K5, Kg| = — %Kg. (3.14)
Using the following redefinitions,
pK: —L, “Ki—L, Ky — L,
K5 —L7, K¢ —L~,, —%Kg N (3.15)
the algebra (3.14) simplifies to,
[LE, LE) = (m—n)LE . mn=+1,0. (3.16)

,10,



This may be identified to the left and right moving global parts of the CFT9 which is dual
to this locally AdS3 geometry. Since the generators K5 and Kg defined in eq. (3.13) are
not single valued functions of 1) ~ 1 4+ 27 the SL(2), is broken to U(1) generated by Kj.
Consequently the global symmetry of the near horizon geometry is U(1)z, x SL(2)g.

The action of these generators on the spinors ¢’ and A (3.12) can be defined by the
Lie derivative Lxe! = (K#D,, + +9,K,7"")e’, which gives,

) . ) 1 . 1. ) )
LT N =—¢ LN = — A Lie =5€" Lyt =\,
Lt e =0, L&' =0, L, e =0, L, \" =0, (3.17)

m

Considering a correspondence between ¢! and A\’ and the G_1 and G1 modes of su-
2

1
2

percurrent G then (3.17) simplify to

[L;;a Gr] - <% - 7“) Gmtrs [L;w Gr] = 0. (3'18)

To complete the algebra, we should also study the behavior of the Killing spinors (3.12)
under the generators of S?. These generators are
T3 = —idy, JE = e*?(—i0y £ cot 00). (3.19)
Since 77:% and 7% commute with each other one can choose
V09l = tiet (3-20)

which gives
A 1 . . 1 .
Jet = e, TN = E A (3.21)

Thus both &’ and A’ are in the 2 representation of the SU(2) group which is generated by
J's. If one starts with a constant spinor which satisfies 79%6 = —ieo,'! and define

&+ = \/§e%w6€%¢€o, &= \/;e%wee_%%é&m (3.22)

one verifies that £% are in the 2 representation of the SU(2) group, Joiﬁc = 0 and
+
Jo & = €L
Our results so far can be organized into symplectic-Majorana killing spinors

1 &+ 9 [ —i&+ 3 [ &= 4 [ -
) ) () () e

In the same manner one

12

where each &/ transforms as 2 of Sp(2) and corresponds to G .
2

can define

1 .
M =1 (—t + ;'y”) el (3.24)

"' Normalization is sgso =1/2.
2gymplectic-Majorana condition is Zz = ijyt = CiT

C.

— 11 —



which corresponds to G and also transforms as 2 of Sp(2).

To complete the neaQr horizon superalgebra we need to compute the anticommutators of
supercharges. To do this we use the supersymmetry transformations of the five dimensional
supergravity given by [36, 38, 39],

(G, G} = 19 [(E1) 7" () + (E)) " (e1)] B,
AN YUY =T\ 0b( IV
+ [l + EN (] (3.25)
where €2;; is a symplectic matrix which can be used for raising and lowering the indices
as follows,
X' =QYx;, Xi = X’ Qi (3.26)
and we have chosen a basis Q15 = 1. By plugging the supercharges (3.23) and (3.24)
into (3.25) we derive the anticommutators of the supercharges,

I J _ 1J 71+
{el.¢l} =261, (3.27)

and

—2L¢ 2iJ3 +ios  2iJ% +io1  —2iJ! +ioy

{Gf 1 G{} _ —2iJ3 —ioy  —2L§  —2iJ' —ioy —2iJ? +ios (3.28)
3’3 —2iJ% —ioy 2iJ' + oy —2L¢ 2iJ% —iog |’
2iJ1 —ioy  2iJ% —ioy —2iJ3 +ios —2L¢

where m,n = 0,£1, r,s = :I:%, I,J =1,2,3,4 and o, are the Pauli matrices. We can
summarize all the results to the following superalgebra,

{GL.Gl}y = =267 LE o+ (r = ) (Ma) " T + (r = s)(Na) T,
Lo L] = =)L, (LGl = (5 —7) Gl
[7e.67] = )6, 4,67 = (NHY 6]

(3.29)

where M, and N4 are the representation matrices for SU(2) and Sp(2), respectively and
T4 are generators of Sp(2). Therefore the bosonic part of the global supergroup is

U(1)r x SL(2)r x SU(2) x Sp(2), (3.30)

while the isometry of the near horizon geometry of the black ring solution is U(1); X
SL(2)g x SU(2).!3 The generators in (3.29) are null under the U(1); generated by L,
given in (3.15). The extra Sp(2) in (3.30) can be identified with R-symmetry of N' = 2
supergravity in five dimensions [14, 16].

Searching in the literature (for example see [42]) we found that there is a supergroup
with this bosonic part and supporting eight supercharges which is D(2,1;1) = Osp(4*|2).
So we propose that (3.29) correspond to the Osp(4*[2) x U(1).

13The symmetries of the near horizon geometry of the extremal black ring and four dimensional spinning
black holes are studied for example in [40] and [41] respectively.
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It is interesting to note that this supergroup is the same as the small black string
near horizon supergroup [14]. Of course, in [14] the superalgebra of small black string in
N = 4 five dimensional supergravity is calculated by embedding the solution of N' = 2
supergravity. For this solution, the supergroup of near horizon is Osp(4*|4) x U(1), where
the Osp(4*|4) part of superalgebra is

{G,Gl} = =26" Loy + (r = 8)(ta)" T + (r = 5)(pa)"/ RY,
[Lm7 Ln] - (m - n)Lm+n7 Lma GI ) m-+r
7,61 = ()¢, (R4, G1] = (o). (331)

in which t* and p“ are the representation matrices for SU(2) and Sp(4) respectively and
R# are the generators of Sp(4). In [16], it was shown that this global part of superalgebra
in V' = 4 supergravity is reduced to Osp(4*|2) in N = 2.} This result shows that in
AdS/CFT analysis black ring solution behaves like a small black string.

It is straightforward to repeat the above calculations when higher order corrections are
considered, as higher order corrections only modify p and L in the metric (2.24) [43]-[47].
Therefore, after adding e.g. the supersymmetric correction [36], the supersymmetry is still
enhanced near the horizon and the superalgebra does not change.

4 Near horizon physics

A special feature of the supersymmetric black ring is the geometry of the near horizon of
this solution such that an AdSy x S! is locally AdS3 (2.23)—(2.24). This special near horizon
topology allows one to apply both the entropy function [20] and the c-extremization [28]
formalisms on black ring. We also use Brown-Henneaux approach [32] to calculate the
CF'T entropy of extremal black ring.

4.1 Entropy function

In this section we briefly review the entropy function formalism applied to the black ring
solution to calculate the corresponding macroscopic entropy [21-23].

In the entropy function formalism the entropy can be found from the extremum of the
entropy function,

S =2n(elqr — f), (4.1)
in which,

[= /dﬂﬂH\/|9H|ﬁ, (4.2)

17Tt is interesting to note that Osp(4*|2) factor is also present in the small black string [14], the small

black hole [16] and the large black ring solutions (3.29) of A/ = 2 supergravity in five dimensions.

,13,



and ¢y is defined by ¢; = % To apply the entropy function for the near horizon geometry
of the black ring one uses the ansatz [21]'

d 2
ds® = vy (—r?dt* + T—TQ) + v (d6? + sin? 0d¢?) + w(dy?* + egrdt)?,

I
Fl,= e +adley,  Fly= % sing, XxI=MmI, 1=1,23, (4.3)

where eg is conjugate to the angular momentum of the ring. Extremizing the entropy
function (4.1) with respect to the vy, vs, w, M’ and N7 gives,

P’ P I I I p'
vL =02 =, w:2—eo’ e +eN' =0, M = (%CUKpIpJpK)l/?" (4.4)
Using (4.4) and (4.1) one obtains,
Siac = 2mp°L. (4.5)

The same result is obtained in the off-shell formalism in [22].

4.2 c-extremization

In [28] Kraus and Larsen showed that for D-dimensional black objects with AdS3 x SP~3

near horizon geometry one can define the c-function as'®
320 33 ,p-3

la,lg) = ————l%1lg °L 4.6

C( A S) 327TGD A'S 9 ( )

which extremization with respect to the radii of AdSs and S?, gives the average of the left
and right central charges of CFT dual of AdSs3. As we have discussed in section 2 and as
can also be verified using the Killing vectors derived in the appendix A, the near horizon
geometry of the black ring solution, has locally an AdSs5 component (2.23). Thus one can
expect that c-extremization formalism [28] can also be applied for black ring solution.

We consider the following ansatz,

ds? =13d0% g, + 15dQV%s, X =mp!,
I
FrIt =e! + egal, F91¢ :% sin 6, Upt =V1Vgp = V9 8in 6. (4.7)

After solving the equations of motion of D, vg, m and a! one finds!”

12 3
F’ m=pt, wvy= g n= 0, el 4+epal =0, (4.8)

D=

where p = (%CUKpIpJpK)l/g.lS By extremizing the c-function one obtains,

la=2lg=p, c=6p°. (4.9)

15Tn this section following the usual conventions in both the entropy function and the c-extremization
formalisms we use (— + + + +) signature and choose G5 = 7 /4.

57t was discussed in [28] that only the bulk part of the action contributes in this definition.

"These results can also be derived from the supersymmetry variations of fermions (2.11) [22].

Y U(l)3 supergravity which is the subject of our study in this paper, all p’ are equal to each other and
denote them by p.
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In the semiclassical regime ¢ > 1, ¢ ~ c1, ~ cg, in which cpg) is the left (right) central
charge of the CFT. In this limit, (¢; — cr) is negligible as it is given by higher order
corrections, and ¢ = i(cp + cg) is given by the c-extremization method (4.9). Since
the black ring solution in N' = 2 five dimensional supergravity corresponds to the (0,4)-
CFT the microscopic entropy is given by the logarithm of the number of left moving

excitations [11, 12, 29, 30],'
Sinie = 271/ c—go, (4.10)

where [12]
do = plZprs +% <Q1Q2 i Q2Q3 i Q3Q1> (4.11)
p3 b1 b2
+429111)2293 [(P1Q1)* + (p2Q2)” + (p3Q3)*] — Jy
2 (4.12)

Thus, at the leading order, the result of the c-extremization formalism (4.9) and microscopic
description of the entropy of the black ring are in agreement with the entropy calculated
by the macroscopic entropy function formalism (4.5),

Sinac = Smic = 27 Lp>. (4.13)
4.3 Brown-Henneaux approach

In this section we recalculate the microscopic entropy of supersymmetric black rings from
another viewpoint by using the Kerr/CFT formalism [31]. In this method, which is intrin-
sically a generalization of the Brown-Henneaux approach [32], the Virasoro generators of
the CFT dual are related to the asymptotic symmetry group (ASG) of the near horizon
metric. The asymptotic symmetry group (ASG) of a near horizon metric is the group of
allowed symmetries modulo trivial symmetries. By definition, an allowed symmetry trans-
formation obeys the specified boundary conditions [31]. A possible boundary condition for
the fluctuations around the geometry (2.24) is,

r2 1/r?2 1/r 7 1
1/r3 1/r% 1/7% 1)r

hyy ~ O /r 1/r 1/r |, (4.14)
1/r 1
1

in the basis (¢,7,0, ¢,1). It is easy to show that the general diffeomorphism preserving the
boundary conditions (4.14) is given by,

¢ = [c +0 (T—ﬂﬂ O+ [ré (¥) + O(1)] 8, + O (%) 0y

+0 (%) Dy + [e(w) +0 (%)] Dy, (4.15)

19We are using the conventions of [29] for left and right moving central charges.
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where C'is an arbitrary constant and €(v) is the arbitrary smooth periodic functions of ).
By using the basis €,(1)) = —e™™¥ for the function €(1)), it is easy to show that the ASG

generates contains a Virasoro algebra generated by
Cn=—€ ™0y —inr e ™0, (4.16)

which satisfy [(n, G| = —i(m — n)Cpin.
The generator of a diffeomorphism has a conserved charge. The charges associated to
the diffeomorphisms (4.16) are defined by [34],

Q=g [ Klhal (4.17)

T 8r
where 0% is spatial surface at infinity and

1 h
kelh,g) = 3 [cyvﬂh — Vol + G Vb + 5V

1
= 1 VoGt G (Vi + vogu)} « (da A da”), (4.18)

in which % denotes the Hodge dual in 5D. In the Brown-Henneaux approach [32] the central
charge is given by
1 i
— | kel = ——c(m® —m)é . 4.19
87T % Cm [ Cn’ g] 12 C(m m) m+n70 ( )

Plugging the metric (2.24) and diffeomorphisms (4.16) in (4.19) one obtains,
c = 6p?, (4.20)

which is in agreement with the c-extremization result (4.9).

The Frolov-Thorne temperature can be determined by identifying quantum numbers
of a matter field in the near horizon geometry with those in original geometry. For the
chiral CFT given by (4.16) a matter field can be expanded in eigen modes of the asymptotic

energy w and angular momentum m as

® = Z SDwmleii(Wtimw)fl(raa, Qb), (421)

w,m,l

Similar to [31] one can show that, here, the Frolov-Thorne temperature is

TrT = . 4.22
o= (4.2)
The Cardy formula gives the microscopic entropy of chiral CFT (4.16) as follows,
2
SCFT = ?C TFT = 27TLp2, (4.23)

which is in precise agreement with the result obtained by utilizing the entropy function

and the c-extremization methods (4.13).
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A Killing vectors of AdS; X S! geometry

In this appendix we derive the Killing vectors of AdSy x S geometry which is appeared in
the near horizon of black ring solution of N' = 2 five dimensional supergravity. The metric
of this part is (2.23),

dr L?
ds®> = —p (F + —dw + —dz,bdt) (A1)
and Killing equation is
XP0p9u + 0uXPgpy + 0, X g, = 0. (A.2)

The components of Killing equation are

AXY =0, (A.3)

X" + 2Lr? 8,X% =0, (A.4)

X" +ro X" + 19y XY =0, (A.5)

X — rarxr =0, (A.6)

Dp X" + 2Ly xt 4 4L 0. X" = 0, (A7)
Oy X'+ ﬁanw = 0. (A.8)

Equations (A.3) and (A.6) show that,

XV=f(ry), X" =rg(t, ). (A-9)
So we can simplify (A.3)—(A.8) to obtain,
2172

Org(t, ) + Orf(r,2) =0, (A.10)

g(t, ) +8tXt + Oy f(r,9) =0, (A.11)

Duatto) + 20 x4 AT () = (A.12)
Op X' + p—r@wf(r,¢) = 0. (A.13)

In (A.10) the first term is a function of ¢ and v and the second term is a function of r and

1. Therefore, each term only is a function of 1,

2Lr

Ahg(t,v) = 3f( ¥) = h(), (A.14)
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and consequently,

9tV =W+ A ), FnY) = 5-hW) + A).

Now we can simplify (A.11)—-(A.13) as

Oph()t + Dyg1 () +

1
Op X' + —50yh() + p73wf1(¢) =0

From (A.16) one finds

Xt =— <%h(¢)t2 + g1 ()t + Q%T%h(lﬁ)t + f%fl(?/))t) + ().

(A.19) and (A.17) give

Lr?
20,h(0)t+ Dy () + =0, (1, ) = ~“h(w) = 0
This implies that,
dph(1h) =0 = h(¥) = c1.
Thus (A.15) simplifies as
gt ) = ert + 91 (v), F(r) = 5er + Hiw),

and (A.16)—(A.19) become

01t+91(1/1)+3tX + 9y f1(¢) = 0,

2Lr? 2L
Dpgr () + -0, X" — ey = 0,
p pr

Dy X'+ E@pﬁ(@ =0,

2
By (A.26), egs. (A.24) and (A.25) simplify to

Xt = (Gaf + () + 0 ) + 10 0).

2Lr?

Ipg1(¥) + I (r, 1) — i—fel =0,
= (0pg1 () + 0L fr (W) £+ 0p I (r, ) + i—fawflw) —0.

From (A.27) one obtains

1) = ~ 5501 + 50800 () + (1),

,18,

(A.15)

(A.16)
(A.17)

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)



and so (A.28) becomes

—t (pgr (¥) + O3 F1(v)) +

which implies that,

Thus,

g1() + 0y fr(¥) = ¢,

2

4L
Oypgr (¥) + 7 (1) = e,
L(¢) = e
Now we can simplify our results. From (A.34) and (A.35) one obtains,

2

4L203a

2 2L
— R fi(w) + gfm,z)) — 5= 1Y) = cse PP 4 e TV 4

Therefore,
2L _2L 2L
g1(1) = 2 + ?(066 7Y —esen ),
Alternatively we can solve g;(¢) as,

2 412 4L* 2Ly, _2L,
= 9y91(¢) + ?91(1#) = ?02 = g1(¥) = cre 4 cge U4 2,

which is consistent with the first solution. cg.
In summary;,

1 2L 2L
I(r,y) = 9,21 T o (056 PV ege w) + ¢4,

2L _2L 2L
g(t, ) = et + o+ ?(c(;e P Y cser w)

2

f(r,y) = %Cl +eserV ege v+ L 17263

So,

el
I

2L _2L 2L
XT:r<clt+cg+—(c(;e Pw—C5€Pw)>,
p

2

XY = 21%01 +cse b w+C6677w+ 14723

,19,

—|zat"+ct ) — —5c — — (656 » 7 +cge P > + ¢4,
2 2r2 pr

(A.30)

(A.31)

(A.32)
(A.33)

(A.34)

(A.35)
(A.36)

(A.37)

(A.38)

(A.39)

(A.40)

(A.41)

(A.42)

(A.43)
(A.44)

(A.45)



Thus the killing vector expand as follows,

X = X'+ X0 + XV0,
1 _
— e <§(t2 29, — rtd, — 2%@)
2
—C2 (t@t — r@r) + Cgm@d, + 048,5
2L 2L 1
—65?6 Y <;(9t + 70, — %(%)
2L 20, (1
—66?6 P L4 <;6t — r@r — %aw> s (A46)
and consequently, there are six isometries generated by,
Ki =8+ r2)0, — rt0, — L0 Ky =t0; — 10 (A.A7)
1 2 t T oLr (LR 2 t T .
K3 =0y, Ky =0
2L 1 _2L 1
Ky =er ¥ <;8t +1r0, — %&p) , K¢ =e » ¥ <;3t — 70, — %&p) .
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